Abstract In this article, we apply Genocchi polynomials to solve numerically a system of Volterra integro-differential equations. This is done by approximating functions using Genocchi polynomials and derivatives using Genocchi polynomials operational matrix of integer order derivative. Combining approximation with collocation method, the problem is reduced to a system of algebraic equations in terms of Genocchi coefficients of the unknown functions. By solving the Genocchi coefficients, we obtain good approximate functions of the exact solutions of the system. A few numerical examples show that our proposed Genocchi polynomials method achieves better accuracy compared to some other existing methods. 
Introduction
Integro-differential equations arise in both engineering and scientific fields. These equations have been found to describe physical phenomena such as wind ripple in the desert, nonohydrodynamics, dropwise consideration, glass-forming process [1] . Also such equations are important mathematical models of viscoelasticity [2] , and appear in theoretical physics such as the Lane Emden equation [3] . This paper studies the Genocchi polynomials method in solving the following system of Volterra integro-differential equations: 
where among the M functions y j ðxÞ, total of k unknown functions to be determined (some y j ðxÞ may share the same function for certain j), K i;j ðx; tÞ are the integral kernel, D ni;j is the n i;j -th order derivative, p i;j ðxÞ; h i ðxÞ are the coefficient functions. To solve systems of linear and nonlinear integrodifferential equations, various methods have been proposed in the past few years such as shifted Jacobi polynomials [4] , Bernoulli matrix method [5] , Euler polynomials [6] , Fibonacci polynomials [7] , Bernstein polynomials [8, 9] , Single Term Walsh Series [10] , Legendre wavelets [11] [12] [13] , approximation method by biorthogonal system [14] , Taylor expansion method [15] , Hybrid Euler-Taylor matrix method [16] . Different from those previous methods, we use one of the Appell polynomials, which are Genocchi polynomials to solve the system of linear Volterra integral equations and Volterra integro-differential equations. These Genocchi polynomials can be grouped into semi-orthogonal type of polynomials and are relatively new in its application in numerical analysis.
The rest of the paper is organized as follows: Section 2 gives basic definition of Genocchi polynomials. Section 3 gives a brief overview of function approximation by Genocchi polynomials. Section 4 shows how to approximate the integral kernel in terms of Genocchi polynomials and derives the analytical expression of the kernel matrix. Section 5 derives the Genocchi polynomials operational matrix of integer order derivative. Section 6 discusses about the error analysis of Genocchi polynomials approximation. Section 7 provides the Genocchi polynomials approach to solve linear Volterra integro-differential equations. Section 8 shows numerical results of the Genocchi polynomials method for a few examples of linear Volterra integral equations and linear Volterra integro-differential equations. Section 9 is the conclusion of this paper.
Preliminaries

Genocchi polynomials and some properties
Genocchi polynomials and Genocchi numbers have been studied in some branches of mathematics, such as elementary number theory, complex analysis number theory and so on. The Genocchi polynomials G n ðxÞ is defined as follows: Definition 1. The Genocchi Polynomial G n ðxÞ is defined by the generating function Qðx; tÞ [17] [18] [19] :
where g k ¼ 2B k À 2 kþ1 B k is the Genocchi number, B n ; B n ðxÞ is the Bernoulli number and Bernoulli polynomials respectively. Some of the important properties of Genocchi polynomials are as follows:
Function approximation by Genocchi polynomials
We may approximate a function fðxÞ in terms of Genocchi polynomials G n ðxÞ as the basis. This can be done by the following infinite series:
where G n ðxÞ are the Genocchi polynomials and the Genocchi coefficients c n .
In practice, we truncate the infinite series up to N number of Genocchi polynomials according to the desired accuracy of the problem, into the following truncated Genocchi series:
where C ¼ ½c 1 ; c 2 ; . . . ; c N T Genocchi coefficient matrix, and are the falling and rising factorial, respectively.
Proof. Using the following expression:
We obtain c n;m ðxÞ ¼ 
where Proof. Assume the kernel Kðx; tÞ is approximated using N number of Genocchi polynomials, i.e.
Kðx; tÞ %
Using Eq. (8), we have
Now applying the same formula of Eq. (8) for / j ðxÞ (i.e. for G i ðxÞ) with respect to x instead, we obtain
Genocchi polynomials operational matrix of integer order differentiation
In this section, we derive the analytical expression of the Genocchi polynomials operational matrix of an n-th order derivative, which is the N Â N matrix P n G where The analytical formula for Genocchi polynomials operational matrix of integer order n-th derivative P n G is given by the following Theorem 3.
Theorem 3. Given a set G i ðxÞ; i ¼ 1; . . . ; N where G i ðxÞ are Genocchi polynomials of i-th order. Then, the Genocchi Polynomials Operational Matrix of integer order n-th derivative over the interval ½0; 1 is the N Â N matrix given by 
Genocchi polynomial is defined via the Bernoulli polynomial as given in Eq. (2) . Therefore, the absolute error of applying Genocchi polynomial to solving system of Volterra integro-differential equation and that of using Bernoulli polynomial are almost the same. However, if we observe that the
System of Volterra integro-differential equationCPU time (calculated using Maple code) for Genocchi polynomial is better than Bernoulli polynomial. Table 1 shows the CPU time (computed in Maple) for N ¼ 5; . . . ; 10 of Genocchi polynomial compared with N ¼ 4; . . . ; 9 of Bernoulli polynomial. Note that we are comparing both polynomials with the same degree, so degðG 10 ðxÞÞ ¼ degðB 9 ðxÞÞ ¼ 9. This prompts us to consider Genocchi polynomial in this paper.
Error analysis
In this section, error analysis of Genocchi polynomials approximation will be discussed. Theorem 4 gives an upper bound for L 1 maximum error e 1;N approximation by Genocchi polynomials of order N.
Theorem 4. Consider yðxÞ 2 C 1 ð½0; 1Þ an arbitrary continuously differentiable function and has bounded derivative of any order j d nÀ1 yðxÞ dx nÀ1 j 6 M nÀ1 ; n 2 N over interval ½0; 1. If yðxÞ is approximated by N order Genocchi series of polynomials, i.e. yðxÞ % y Ã ðxÞ ¼ P N n¼1 c n G n ðxÞ, then the maximum error in L 1 ð½0; 1Þ norm, e 1;N is bounded by:
On the other hand, by Eq. (8)
Thus,
where a P 0 is integer. On the other hand, by Eq. (8)
Also, by factoring x and using the substitution u ¼ t x
, we obtain Table 1 Comparison of CPU time (Maple) for computation of operational matrix of integer-order derivative P n between Genocchi polynomials (N ¼ 5; . . . ; 10) and Bernoulli polynomials (N ¼ 4; . . . ; 9) where derivative order n ¼ 1. 
Note that this error analysis is also applicable for a of arbitrary order.
Solving system of Volterra integro-differential equations by Genocchi polynomials operational matrix of integer order derivative with collocation method
We use Genocchi polynomials operational matrix of integerorder derivatives together with collocation method to solve numerically the system of Volterra integro-differential equations. From the following system of Volterra integrodifferential equations, 
where among the M functions y j ðxÞ, total of k unknown functions to be determined (some y j ðxÞ may share the same function for certain j), K i;j ðx; tÞ are the integral kernel, D ni;j is the n i;j -th order derivative (n i;j positive integers), p i;j ðxÞ; h i ðxÞ are the coefficient functions. Now, we approximate each term with the corresponding approximation using N order of Genocchi polynomials. Since p i;j ðxÞ; h i ðxÞ are functions known a priori in the problem and we are using collocation method, we do not need to approximate these functions in terms of Genocchi polynomials which may increases the error. Hence, the original Volterra integro-differential equations are transformed into the following set of algebraic equations:
GðtÞG
T ðtÞdt ¼ ½c n;m Á c n;m .
Then, using collocation points at N equally-spaced points within the interval ½0; 1, i.e. v r ¼ r N ; r ¼ 0; . . . ; N, we reduce to solving a system of k Ã N algebraic equations.
Together with the given k Ã r initial conditions (if any):
. . . ; r; q ¼ 0; . . . ; r;
the unknown Genocchi coefficients C 
Numerical examples
We present a few examples of system of linear Volterra integro-differential equations which are solved using the proposed method of Genocchi polynomials. In addition, we compute the maximum error function of the approximate function for an arbitrary N-order approximation which is adopted from [5] :
where a 6 x 6 b; fðxÞ is the exact solution and f Ã N ðxÞ is the approximate solution.
Also, we compute the absolute error of an N-order approximate function at a particular point x:
For certain cases, the relative error at a particular point x is computed:
All numerical computations are carried out using Maple 18.
Example 1. Consider the following system of k ¼ M ¼ 2 linear Volterra integral equations [6] :
where
We use N ¼ 3 Genocchi polynomials to approximate the solution, i.e. 
By solving this matrix equation using collocation method at the following set of collocation points:
we obtain the Genocchi coefficients as follows:
Thus we obtain the solutions as [6] :
The Tables 4 and 5 show the L 1 maximum error of Genocchi polynomials to N ¼ 7 and that of Euler polynomials [6] . The exact solutions are y 1 ðxÞ ¼ x þ e x ; y 2 ðxÞ ¼ x À e x . Tables 8 and 9 show the relative error comparing N ¼ 8 Genocchi approximate solutions y Ã 1;8 and y Ã 2;8 , respectively to approximation method using biorthogonal system [14] that using h ¼ 4; j ¼ 33.
Conclusion
In this paper, we apply Genocchi polynomials operational matrix of integer order derivative with collocation method to solve a system of Volterra integro-differential equation. The comparison of the results with the existing methods involving other types of polynomial shows that the proposed Genocchi polynomials operational matrix method with collocation able to achieve the same degree or larger accuracy by using a comparatively smaller number N of polynomials bases. Furthermore, when comparing with Bernoulli polynomial, we able to solve the problem by using lesser CPU time. 
